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Abstract 

BPS wall solutions are obtained for M ~ 2 supersymmetric nonlinear sigma model with Eguchi- 
Hanson target manifold in a manifestly supersymmetric manner. The model is constructed by a 
massive hyper-Kahler quotient method both in the M — 1 superfield and in the Af — 2 superfield 
(harmonic superspace). We describe the model in simple terms and give relations between various 
parameterizations which are useful to describe the model and the solution. Some more details can 
be found in our previous paper |hep-th /0211103| . This article is dedicated to Professor Hiroshi 
Ezawa on the occasion of his seventieth birthday. 



1 Introduction 



Supersymmetry (SUSY) has been a most promising guiding principle to construct realistic unified models 
beyond the standard model. In recent years there have been vigorous studies on models with extra 
dimensions, [3 15 where our world is assumed to be realized on an extended topological defects such as 
domain walls or various branes. Supersymmetry can be combined with this hrane-world scenario and 
helps the construction of the extended topological defects. 

Solitons saturating an energy bound, called the BPS bound, 01^] have played a crucial role also in 
non-perturbative studies of super symmetric (SUSY) field theories in four dimensions, jjj BPS domain 
walls are topological solitons of co-dimension one, which depend on one spatial coordinate and connect 
two SUSY vacua. Since they preserve half of the original SUSY, they are called ^ BPS states. Such 
BPS domain walls were well studied in various models with global M = 1 SUSY in four dimensions. [S] 
Non-BPS multi-wall solutions were also studied to understand the SUSY breaking mechanism on the 
brane due to the coexistence of the other brane.[5]~ More recently we have constructed an exact BPS 
wall solution as well as non-BPS multi-wall solutions in the supergravity theory in four dimensions. |12j 
The intersections or junctions of domain walls preserve \ of the original SUSY and have been discussed 
in = 1 models in four dimensions . | ll-i j ~ 1 1 H j 

In order to consider models with extra dimensions, we need to discuss super symmetric theories 
in spacetime with dimensions higher than four. They should have at least eight supercharges. The 
simplest field theory with eight SUSY is based on hypermultiplets containing only scalar and spinor 
as physical fields. Recently we have formulated ^ BPS domain walls in an eight SUSY model in 
four dimensions. ^ Moreover we have also succeeded in constructing the ^ BPS wall consistently in 
five-dimensional supergravitv. |17j Before discussing the SUSY five-dimensional theories, it is useful to 
consider models with eight SUSY in four dimensions without gravity. 

The rest of our paper is organized as follows. Sec. 2 explains how to obtain nonlinear sigma models 
of hypermultiplets with eight SUSY. Sees. 3, 4 and 5 are devoted to AA = 1 superfield formulation of the 
model. In Sec. 3, we present the model using the U{\) gauge field. We give the bosonic part of the 
action and eliminate auxiliary fields in the Wess-Zumino gauge. The hyper-Kahler quotient method in 
terms of the so-called moment map becomes very clear. In Sec. 4, we eliminate auxiliary superfields in 
the superfield level, taking a gauge compatible with SUSY rather than the Wess-Zumino gauge. This 
has the advantage because we obtain the Lagrangian in terms of independent superfields. In Sec. 5, we 
use the 0(2) gauge field to formulate the model instead of the U{1) gauge field. Sec. 6 is devoted to a 
brief review of harmonic superspace formalism (HSF). In Sec. 7, we formulate the model in HSF and 
eliminate auxiliary fields in the Wess-Zumino gauge. In Sec. 8, the constraints are solved by independent 
fields. We close our paper by Sec. 9, in which the BPS equation and the domain wall solution are given. 
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2 J\f = 2 Model with Hypermultiplets in 4 Dimensions 



If we take two free chiral scalar supermultiplets (p and x with a complex mass term m between them, 
they together become a free massive hypermultiplet with J\f = 2 SUSY ^H] 

C = + X*X]82S2 + {m [x4>]82 + c.c.) 

= -9^</.*a^0 - d^x*d^x + f;f^ + 

+ {■m{Fff,x + -^x*^) ~^ ~^ fermionic terms 

= -df,^*d>'(i)-d^x*d''x-\m\Hr^ + x*x) 

+ fermionic terms , (1) 

where complex conjugate is denoted as c.c. , and the scalar components are denoted by the same letter 
as the superfields^ cj), x- Since four real scalar fields Re0, Imcj), Rex, and Im^ are symmetric, we can 
form three complex fields using any one of the fields, say Hecp with any one of the other three fields : 
Re(/) + iRex, and Re0 + ilmx beside the ordinary Re0 + ilm(j) = (p. These three complex structures are 
completely symmetric and serve as a characterization of = 2 SUSY for hypermultiplets. It has been 
shown that any nonlinear sigma model consisting of hypermultiplets should have a triplet of complex 
structures, and the target manifold should be hvoer-Kahler PU] (HK) in contrast to Kahler of the M = 1 
SUSY nonlinear sigma model. pT] 

Theories with eight SUSY are so restrictive that the nontrivial interactions require the nonlinearity 
of kinetic term (nonlinear sigma model) if there are only hypermultiplets. In order to obtain a wall 
solution, we need to have a nontrivial potential. In the case of = 2 SUSY nonlinear sigma model 
containing only hypermultiplets, one can introduce a nontrivial potential which is the square of the 
Killing vector acting on the HK manifold multiplied by a mass parameter. Moreover the Killing vector 
has to be holomorphic with respect to the three complex structures (tri-holomorphic) ■ These models 
are called "massive HK nonlinear sigma models" . 

Let us now explain a mechanism to obtain a nontrivial potential as a Sherk-Schwarz reduction |23j 
from six or five dimensions. |24j It is usually best to start from a model in spacetime with maximal 
dimensions which is allowed by the postulated number of SUSY charges. In the present case of eight 
SUSY, we should consider hypermultiplets in six dimensions. Let us first illustrate the dimensional 
reduction by a free massless hypermultiplet in six dimensions, since a mass term is forbidden by SUSY. 
If two (one) spatial dimensions are compactified, a nonvanishing momentum in these compactified 
dimensions gives a complex (real) mass term resulting in Eq.(p3)- This mass parameter gives rise to a 
central term Z = —i{d^ + idQ) in the M = 2 SUSY algebra in four dimensions. In the case of a nonlinear 
sigma model with the target space metric gij^ in six dimensions, the kinetic term (of bosonic part of 
the Lagrangian) reads 

C = -mj*dM^'dNcl>^V' , (2) 

^We follow mostly the notation of Ref. (ISj, except that ^,v, . . . denote space time in four dimensions, 
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Figure 1: Sphere as a constrained subspace embedded in three-dimensional flat space. 



where rj^^^ = diag.(-l, 1, 1, 1, 1), M, iV = 0, • • • , 5. Then we can twist the boundary condition for the 
compactified directions, say and using a Killing vector k^{(j),(l)*) for the isometry of the target 
space metric gij^ 

-i{d5 + ideW = fik'{^,ct>*), /iSC. (3) 
Then we obtain a nontrivial potential term V{(j)) from the Lagrangian Q 

C = -gij.d^(^'d,(t^*t'' - y{<P, ^*), (4) 



This is the Sherk-Schwarz dimensional reduction. Since theories with eight SUSY have three complex 
structures, the Killing vector has to be holomorphic with respect to all three complex structures 
(tri-holomorphic) . 

Many target space metrics can be embedded in higher dimensional flat space as illustrated by a 
sphere embedded in three dimensions in Fig^ The nonlinear sigma models with these target space 
metrics can be realized by giving a constraint on hypermultiplets with minimal kinetic terms. One of 
the most convenient methods to impose the constraint is to introduce a vector multiplet without a kinetic 
term. If we integrate the vector multiplet, it acts as a Lagrange multiplier field to produce a constraint 
on hypermultiplets, resulting in a curved target manifold such as the Eguchi-Hanson manifold. In this 
process, the mass term automatically becomes a nontrivial potential which is a square of a Killing 
vector corresponding to the isometry of the resulting curved target space. Since the gauge field serves 
to identify the gauge orbit, the introduction of the gauge field without a kinetic term gives a quotient 
manifold. In particular, we call the method as hyper-Kahler quotient method, when the resulting 
manifold is hyper-Kahler. In our SUSY case, the curved manifold is a result of the constraint coming 
from integrating the auxiliary fields in the gauge supermultiplet as well as from the gauge orbit quotient. 
Since we also have a mass term as a central extension of the SUSY algebra, this procedure is called the 
massive hyper-Kahler quotient method. In this way, we can understand the potential term as the square 
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of the tri-holomorphic Killing vector and the mass parameter multiplying the potential as the central 
extension of the N = 2 SUSY algebra in four dimensions. 

There have been a number of works to study nonlinear sigma models with eight supercharges. [2011221 
H^'inni The massive nonlinear sigma model with nontrivial Kahler metric as target space was studied, 
and BPS equations and BPS solutions such as walls and junctions were obtained. j2S|~ [SB Multi domain 
walls solution was also obtained and the dynamics of those walls was examined. (2211221 Single or parallel 
domain walls in such models preserve ^ SUSY, |2H1 12H1 whereas their intersections preserve \ SUSY. 12^1 
In most papers, nonlinear sigma models were studied in terms of component fields. However, it is often 
useful to maintain as much SUSY as possible [STl. Harmonic superspace formalism (HSF) |HS1 is most 
suited to maintain the SUSY maximally, but there has been relatively few attempt to formulate the 
BPS equations and to obtain BPS solutions in the HSF [39| until our recent work.^ 

Our nonlinear sigma model can most easily be obtained by a quotient method in terms of a U{1) 
vector multiplet without a kinetic term. In = 1 formalism, the massless HK sigma model on T*CP"' 
was obtained as the HK quotient. [341 135j The massive HK quotient was obtained in component level. [22] 
The massless model with the Eguchi-Hanson target manifold {T*CP^) j43j has been constructed in 
M = 2 formalism. |4()j and its central extension was analysed. [32] In order to obtain also a potential 
term, we need to perform a quotient method for a massive hypermultiplet charged under the U{1) 
vector multiplet.^ When we are writing this up this work, another interesting work appeared discussing 
various wall and flux tube solutions in similar J\f = 2 models. [15] 



3 Eguclii-Hanson Nonlinear Sigma Model in = 1 Superfields in tlie 
U{1) Basis 



The massive hyper-Kahler quotient method for the massive Eguchi-Hanson j43j nonlinear sigma model 
requires two hypermultiplets : (/>, x as doublets. The doublet 4>{x) has charge +1(— 1) under an = 2 
C/(l) vector multiplet {V, S) without a kinetic term which serves as a Lagrange multiplier constraining 
hypermultiplets to form a four-dimensional (in terms of number of real degrees of freedom) target 
manifold. Here V and S are vector and chiral superfields in = 1 superfield formalism, respectively. 
Representing two doublets (/>, x as column vectors, the action is given in terms of = 1 superfields as 

HI 



c 



I -V t 



cV 



+ 



6»2 



-|- c.c, 



(6) 



where we have absorbed a common mass of hypermultiplets into the field S and denote // as a complex 
parameter for the mass splitting. The electric and magnetic Fayet-Iliopoulos (FI) parameters are denoted 
as c G R, 6 G C. We see below that these parameters become the value of the triplet of the moment 
map for the U{1) gauge symmetry. 
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In the limit of = 0, the model has a global (flavor) symmetry U{2) = SU{2) x C/(1)a defined by 
(t>^<P' = g(^, x^X=9*X, S^S' = S, geU{2), (7) 



and, in the case of 6 = 0, it has the additional U (1)d symmetry 



X 



(8) 



The U{2) symmetry is consistent with the N = 2 SUSY, but the C/(1)d symmetry is only with the 
manifest N = 1 SUSY. The mass splitting parameter breaks this C/(2)[x global symmetry (for 



6 = 0) down to f/(l) X [/(I) G U{2) defined by 



X 



e *^^'^^X) with E unchanged. 



The ?7(1) subgroup parametrized by 9i is gauged. Since this mass splitting parameter affects only the 
potential term without affecting the kinetic term, the curved target manifold has Killing vectors for the 
isometry SU {2)[xU {1)y) for 6 = 0]. The C/(1)a symmetry of U{2) = SU{2) x C/(1)a is gauged away and 
is absent in the target manifold. However, only the Killing vectors for the isometry SU (2) are consistent 
with the N = 2 SUSY and hence tri-holomorphic. The Killing vector for the U{l)-o isometry for 6 = 
is holomorphic, but not tri-holomorphic. Since we have introduced the mass parameter through the (T3 
generator, we will eventually obtain the potential term which is a square of the tri-holomorphic Killing 
vector corresponding to (T3, after eliminating the vector multiplet. 



In the Wess-Zumino gauge, the bosonic action is given by 



boson 



-^kin + ^ 



constr 



+ c 



pot; 



(9) 



kin 



^v^'v^ ((/>V + X^x) 



where (j^d^^cf) = (p^d^cp) - {d^cl)^)4>. 



D 



constr 



xh - c) + (Fe {x^cj) - 6) + c.c.) 



(10) 



(11) 



•-pot 



fIFs + Ft R 



+ (fJ (si + ^(73) + x"^ (si + ^^3) F^ + c.c.) 

= -y(0,x,s). 



(12) 



The equation of motion for gauge field in (j^J allows us to write gauge field in terms of scalar 



fields 



^X^X 



(13) 
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If we eliminate the gauge field by this algebraic equation of motion, we obtain the kinetic term for 
hypermultiplets as 

2 



kin 



4((/'t0 + X^x) 

If we integrate the Lagrange multiplier fields D and i^s in we obtain two constraints 

- x^x = c, x^4> = b. 

The Lagrangian (|12() gives algebraic equations of motion for the auxiliary fields F^^F^ 



-X^ (Sl + ^as ) , 



Ft 

X 



6^ fsi + ^^^a 



(14) 



(15) 



(16) 



After eliminating the auxiliary fields F^^Fy^ by these algebraic equations of motion, we obtain the 
potential term 



mx,s) 



+ 



^1 + l^rs ) X 



l^lxl^ 



+ 1x1 



^tcr3'/' + X^q'3x)^ 



(17) 



In the last line, we have eliminated the scalar field S in the N = 2 vector multiplet [V, S) by its algebraic 
equation of motion 

^ /X (/)to-3(/) + xVsX 

2 |</<|2 + |x|2 ■ 



(18) 



In Eq. H15() the left hand sides constitute the triplet of the moment map (Killing potential) for the 
U{1) gauge symmetry. Hence we see that these values are fixed to the FI parameters by integrating 
the auxiliary fields D and Fe, and that the hyper-Kahler quotient is obtained together with the U{\) 
quotient H13|l . In the limit of 6 = c = the singularity appears and the manifold becomes the orbifold 
C^/Z2, whereas the non-zero values of h and c resolve the orbifold singularity through the deformation 
of the complex structure and the blow up, respectively. 



4 Eguchi-Hanson Nonlinear Sigma Model After Integrating Vector 
Multiplet in the U{1) Basis 

Instead of taking the Wess-Zumino gauge in the component level, we can eliminate the auxiliary su- 
perfields V and E directly in the superfield formalism. Their equations of motion read from Eq.© 
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as 

dC 



^ = e^|</.|2-e-^|x|'-c = 0, (19) 
dC 

— = X^cP-b = 0, (20) 



in which V can be solved immediately to give e^ = (c it y^c^ + 4|(/)p|xp)/2|</>p. We thus obtain the 
Kahler potential 



K = c\ll + ^\<P\W - clog ( 1 + y 1 + ^I'PIW I + clog \cpf , (21) 



where we have chosen the plus sign of the solution for the positivity of the metric. 

Fixing the complexified U{1) gauge symmetry and solving (|2Uj) . we can obtain the Lagrangian of the 
nonlinear sigma model in terms of independent superfields. We have presented some gauge fixing ^ 
applied to T*CP^ for general n. Here we give a more symmetric gauge for T*CP^ in the case of 6 = 0. 
In this case, we can fix the gauge as Xi/4'2 = 1, and H2U() can be solved as (f^ = (x, y) and = iU: ~x) 
(and hence = |xP = \x\'^ + |yP)- The Kahler potential becomes (46| 



K = cyll + -^W-clog{ I , (22) 



and the superpotential is given by 

W = fixy . (23) 
The metric and its inverse can be calculated to give 

c / |yP + 4|</'|6 -x*y \ 



9ij* 



1 + 4|0|4\ -y*x + 



\x\^ + ^\^\" y'x 



= / , : , ,2l4u,6 ' (24) 



where gij* = d K/dcjfdcf)^* and (jf = {x,y). The scalar potential can be calculated as 

V = g'^'d,Wd,*W* = f]_\^\s + |^|2|y|2A _ (25) 

i<^iyi+^i<Ai^ vc J 

The manifold admits the tri-holomorphic isometry SU{2), defined in Eq.(I7|.^ The Killing vectors 



^The SU{2) transformation law of ij}^ as the coordinates of the quotient target manifold is unchanged from the one 
in Eq. JTJ and hence is still linear, because the gauge fixing condition is invariant under the SU(2) action. This is the 
advantage of our gauge fixing condition. To define the SU{2) action in the cases of the other gauge condition need 
an appropriate f/(l) gauge action to compensate the variation of the gauge condition, which makes the transformation law 
of (j)^ nonlinear. 

The diagonal (7(1)d isometry defined in Eq.® of U{2) x ?7(1)d ~ 5*17(2) x U{1)a x C/(1)d isometry is holomorphic but 
not tri-holomorphic. 
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for this action k\ = -^^e^* = |(crA)*j</'-' = 1,2,3) are given as 



2 



X I \ IX I \ —y 



The Kilhng potential DA{4>^(t)*) for these vectors, defined by k\ = ig^^ dj*DA, are given as [HH] 



pi, 1)2, ^3) = 2 -^^^2 (xy* + yx*,i(xy* - yx*),|x|2 - jyp) . (27) 

Using these geometric quantities, the scalar potential can be rewritten by the square of the Killing 
vector 

V = \fi\^gij*klk;' = \fi\^g'^'diDsdj,Ds (28) 

as was shown in Eq. ©. It is now manifest that only the action of ^3 among three Killing vectors 
preserves the potential term and therefore is the symmetry of the whole Lagrangian as expected from 
the mass term in ©. The vacua are fixed points of the Killing vectors k^ or the critical points of the 
Killing potential D^. 



5 Eguchi-Hanson Nonlinear Sigma Model in = 1 Superfields in the 
0(2) Basis 



It is also useful to rewrite the model in terms of 0(2) gauge group instead of C/(l), since 0(2) basis is 
most frequently employed in the harmonic superspace formalism as given in the next section. Introducing 
0(2) doublets cp"" as a column vector and Xa as a row vector, superspace action in the 0(2) basis is 
given by 



^0(2) 



+ 



02 



+ c.c. 



where the hermitian 0{2) generator is given from a diagonal generator by 



i = (72 = e 4 a^e * = ■= — 0-3- 



(29) 



(30) 



V2 ^ V2 - 

In order to establish a relation between superspace action in the U{1) and 0(2) bases, it is convenient 
to define fields (p'jx' with definite U{1) charge by means of a rotation from the 0(2) basis 



In terms of these superfields, the action becomes 



X =x- 



V2 



(31) 



jrOi2) 



+ 



^{Xa{^2)\4>'''-b)+^x'a{^^iri>$ 



a I'a 



92 



+ C.c. 



(32) 
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By identifying the 0(2) and U{1) gauge fields, we find that the superfields (pi, Xi in the U (1) basis should 
be related to the superfields (jy^,Xi in the 0{2) basis as 

+ = + (33) 

+ = \XI? + \X2\\ (34) 

- = Xi<t}i + X2(t>2, (35) 

iX24>^ + ix'i4>'^ = Xi4'i - X24>2- (36) 

The most general solution of the conditions (|33|) and (|34|) is given in terms of two unitary matrices U, V 



U\ , U^U = 1, (37) 



(J) ..... 

The constraints and H36() give conditions 

y^aaC/ = 1, V^iaiU = as, (39) 
respectively. The first condition gives V"^ = U'^a2- By substituting it to the second condition we obtain 

U^a^U = a^. (40) 

The most general solution of these conditions is now given in terms of two arbitrary angle parameters 
a, (3 by 

These angles a, [3 clearly represent the U{\) x C/(l) symmetry of our Lagrangian. Therefore a general 
solution for the identification of superfields 4>i.,Xi in the ^iX) basis and superfields (/'"jXa in the 0(2) 
superfields is given by 







( e-^°0'i 


<t>2 ) 




V e-^'^xi , 


xA 




( ze*"x2 


X2 ) 


1 = 1 


I -ie^^0'2 



1 / e-*"((^i - 
71 I e-^^(xi - iX2) 



(42) 



( 1 , /v^ , 1 / e*"(xi+iX2) \ 

From now on, we shall take q = /3 = case as a representative choice which is given by 



V XI - «X2 / ' V X2 / V2 I - 



(44) 



•^2 



Bosonic part of the Lagrangian in the 0(2) basis H29|l is given in the Wess-Zumino gauge 



^0{2) _ M{2) M{2) M{2) . 
''-'boson ''"kin ''-'constr "r ''-pot ' K^'^l 
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0(2) 
kin 



da + -VaT 



+ 2^M^ 1 ^ 



T 



19. 



0(2) 



4 



constr - -^,~^^T~4>-xTx^ -c] + {Fj,[xT~^-h]+c.c. 



(46) 
(47) 



,0(2) 
"pot 



7?t 77- I 77- Z?t 



+ (^x(sr + ^i)0 + x(sr + ^i)F^ + c.c. 

-mx,s). 



(48) 



The equation of motion for gauge field is given by 



+ XX^ ^ ^ 

Eliminating the gauge field by this algebraic equation of motion, we obtain the kinetic term for hyper- 
multiplets as 

2 



£kin = -15^01' -|5^Xl' + 



(4>^TdJ + xTd.x^ 



(50) 



4(0V + xtx) 

Integrating the Lagrange multiplier fields D and -Fs in (|47l) . we obtain two constraints 

4'^T4> - xTx^ - c = 0, xT4>-b = 0. (51) 
Eliminating the algebraic equations of motion for the auxiliary fields F^,F^ 

f1 = -x(^T+^^i), F^ = -(sT + ^^1)0. (52) 



2 



After eliminating the auxiliary fields F(j,,F^ by these algebraic equations of motion, we obtain the 
potential term 



mx,s) 



+ 



x(sr + ^i 



W + \x\ 



>r0 + OT'' 



T(l) + xTx 



|0|2 + |^|2 



(53) 
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In the last line, we have eliminated the scalar field S in the M = 2 vector multiplet {V, S) by its algebraic 
equation of motion 

S = -^^^ii±^. (54) 
2 \4>\^ + \x\^ 

6 A Brief Survey of Harmonic Superspace Formalism 

Harmonic superspace is defined as {x^ , 9i, 0^,uf) which is called the central basis. The are called 
the harmonic variables which parameterize the coset SU{2)j^/U{l)r ~ S'^, where i = 1,2 is SU{2)fj 
index and ± denotes U{l)r charge. The superfield in the Harmonic Superspace Formalism (HSF) is not 
defined in the central basis but in the subspace which is called the analytic subspace 

{(a, uflx'X = x''- 2i^(V^^^')n+n7^, 6+ = e'uf, 9+ = e'uf, uf}, (55) 

where parentheses for indices i,j mean symmetrization, for instance, 

u+u7^ = {ufuj + u+Mr)/2. (56) 

Hypermultiplet and vector multiplet superfields are defined as the function in the analytic subspace as 
q'^{CA,u) and V~^^{Ca,u), respectively, which are called the analytic superfields. 

To describe the real action in terms of the analytic superfield, the star conjugation must be introduced 
in addition to the usual complex conjugation. The complex conjugation rules for the coefficients in the 
harmonic expansions (see (|71() ). the Grassmann variables 6ia and the harmonic variables uf are 

defined as 



f--^" = h,-.n = {-irr-'", (57) 

dia = = — ^di) (58) 

^ = U-, ^=-u-\ (59) 
respectively. The star conjugation rules are defined as 

(fi-i")* = (60) 

{eir = el (61) 

{u+r = u~\ iutr = ur, (u-r = -u+\ iu;r = -ut, (62) 

(ufr* = -uf. (63) 



Note that the star conjugate acts only on the quantity having U{l)r charge. We write the combination 
of the complex and the star conjugation as 



iq+iCA,u)r^q+{CA,u). (64) 
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The combined conjugation rules are defined by 



f'-'" =f'-2 = fh-i„,_ (65) 
e+ = 0+, 9^ = 0-, 0+ = -0+, 0- = -0-, (66) 
(^J) = n±^ (^) = -n±. (67) 

The simple example of the real action is the free massless action of the Fayet-Sohnius hypermultiplet; 

S = - j ddx^Uu ^D++(l)+ (68) 

where Z)++ is defined by 

D++ = d++ - 2i0+a>'0+d^ - {0+'^Z - 0+^Z), (69) 

with Z = for a massless hypermultiplet. Suffix A in the spacetime derivative denotes the variable 
appropriate in the analytic superspace,IU d~^^ is the harmonic differential defined by 0"*"^ = '^t'^^- 
For details of notation in HSF, we refer to our paper or a textbook. j41j 

The action is real in the sense of ordinary complex conjugation S = S. This property follows from 
the fact that (7+ = — g"*". 

Analytic superfields for the hypermultiplet q'^{xA,()^,u) can be expanded in powers of Grassmann 
numbers 6 as 

q+{xA,0^,u) = F+{xA,u) + V20+i>a{xA,u) + V20+^a{xA,u) 
+ i0+a^'0+A^^{xA,u)+0+0+M~{xA,u) + 0+0+N-{xA,u) 
+ V20+0+0+Xa'{xA,u) + V20+0+0+i--{xA,u) 

+ 0+0+0+0+ D-—{xA,u), (70) 

where a is a flavor index. Note that each component in the hypermultiplet analytic superfield H70|) is a 
function of xa, and the harmonic variables . Therefore it includes infinite series of functions of xa 
when expanded by the harmonic variables uf (harmonic expansions), for instance, 

00 

F^ixA^u) = •••<+i^7i ••• V)- C^^) 

n=0 

Thus, the hypermultiplet includes infinitely many auxiliary fields in addition to physical fields. 
We also use the convention to raise and lower the SU (2) indices by means of eij and e*-' , 

£21 = e^' = 1, £12 = e^^ = -1. (72) 
For instance the scalar fields for hypermultiplet = 1,2 have the property : 

fa ~ faji fai — ^ijfai C''^) 

fai — ^ijfai fa ~ ^'^ faji C''^) 
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where lower index a denotes fundamental representation in flavor symmetry group. Therefore the scalar 
fields for hypermultiplet has the following reality property in conformity with our convention of complex 
conjugate in HSF dnZJ : 

{fiY = n^u (75) 

Namely we have fai = —fai fa2 = /i- We shall use /* and its complex conjugate field fai as much as 
possible instead of /* = e^-' faj- 



7 The Eguchi-Hanson Nonlinear Sigma Model in HSF 

The massive HK sigma model on Eguchi-Hanson manifold [IHl {T*CP^) is described in terms of har- 
monic superfields integrated over the analytic subspace dC^ '^^du 

S=-j dC^-'Uu {qtD++qt + 4D^^4 + V++{qtqt - 4 it + t^)) (76) 

where the covariant derivative D^^ defined in (|69|) contains the central charge Z satisfying the following 
eigenvalue equation 

Zqt{CA.u) = ^qt(QA.u). (77) 

This mass parameter can be attributed to the Sherk-Schwarz reduction from six dimensions 44^ : Z = 
-i{d^ + id(i). 

The Lagrangian (|76j) is invariant under 0{2) gauge transformation 

6qt{CA,u) = -X{CA,u)qt{CA,u), (78) 
6q+{CA,u) = X{CA,u)q+{U,u), (79) 
5V++{Ca,u) = D++X{Ca,u). (80) 

Similarly to the Grassmann expansion of hypermultiplets ((TUJ, the vector multiplet V{(a,u) can 
also be expanded into infinitely many components when expanded in powers of Grassmann numbers 
0. These components can then be expanded into power series in harmonic variables u^- However, we 
can exploit the gauge transformation H8U|) to eliminate most of the auxiliary components in powers 
of Grassmann number 9 and also in powers of harmonic variables in the vector multiplet. After 
eliminating infinitely many auxiliary fields by the gauge transformations, we obtain a gauge fixing 

v++{xA,9^,u) = e+e+M,{xA) + e+e+M,{xA) - 2ie+a^'e+v^{xA) 
+ V2e+e+e+\\xA)ui + V2e^e+e^x\xA)u; 
+ e+e+e+e+D^:i\xA)u^u-:y (8i) 
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which is called the Wess-Zumino gauge and is denoted by the suffix WZ. As a result, the remaining 
fields M^{xa), Vfj_{xA), A'(xyi) in H81() are physical fields except D^{xa)^^-'\ if there is a kinetic term for 
vector multiplet. The field Dy{xA)^^-'^ is the usual SUSY auxiliary field. However, we will use here a 
vector multiplet with no kinetic term. Therefore we will eventually eliminate all these component fields 
in the vector multiplet giving rise to constraints for hypermultiplets. 

After integrating Grassmann variables and the harmonic variables, and eliminating infinitely many 
auxiliary fields of the hypermultiplet expanded in powers of harmonic variables u^, and taking the 
Wess-Zumino gauge for the vector multiplet in HSF, we obtain the bosonic part of the action as 

boson 

= - {d'Afi + y'n) {dth + - {d^An - y^n) {d^h - vju) 

_ /-HSF , /-HSF I /-HSF (c,^\ 
~ -'-kin "T -'-constr -'-pot ) V"^7 

-V^V^flU (83) 

^?oi!tr = + + (84) 

where a = 1,2 denotes fundamental representation in 0(2) gauge group. The scalar potential V{f,f) 
is given by 



>C^of = V{f,f) 



+ (|m, - |m,) (/1/2, - /^/i,) . (85) 

Let us stress once again that we adopt a convention for complex conjugation of complex scalar fields 
(/*)* = fai = eijfi, and use /* and fai to denote a complex conjugate pair. 

There are still auxiliary fields and and Dv{ij) of the vector multiplet. By changing variables, 
we can also introduce the most frequently used parameterization given by Curtright and Freedman |S2] 
: four complex fields (pf, a = 1, 2, i = 1, 2 

= -^(/i^'" + ^f,n, ^2 = ^(/i''" + if2n, (86) 
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where fa'^ = fl and /a'^ = 

The Lagrangian in the HSF (|82)) - (|85)) can be related to the component Lagrangian (|45|) - (|48j) in terms 
of = 1 superfields in the 0(2) basis in the Wess-Zumino gauge by the following identification : 

= ffi, = y, (87) 

and fields /* of HSF can be identified with M =1 fields Xa in the 0(2) basis as 

fl = {~r)\ fa=Xa. 



The Fayet-Iliopoulos parameters ^^^-'^ in HSF are identified with Fayet-Iliopoulos parameters c, b, b* in 
the = 1 superfield formalism as 

e' = -^b*, e'=zb, e' = e' = '{. m 

The auxiliary fields D^f^^j^ in HSF are identified with the auxiliary fields D,Fy,,F^ in the M = 1 
superfield formalism as 



These results are in conformity with the reality property of the Fayet-Iliopoulos parameters ^'-^-'^ and 
the auxiliary fields Dy^^j-^ in HSF and those in AA = 1 superfield formalism 



6 E C, c G R, Fe G C, D eR. (92) 

The identification ()88() implies that the complex scalar fields belong to anti-chiral scalar superfields, 
and to chiral scalar superfields. The suffix a denotes fundamental representation of the gauge group 
0(2). 

The complex fields (pf in the Curtright-Freedman basis (|86jl are more directly related to the complex 
scalar fields of the Af = 1 superfields Xi in the U{1) basis in l|^- H12p as 
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Therefore the complex scalar fields (pi are identified as those of chiral scalar superfield, and 02 identi- 
fied as those of anti-chiral scalar superfield. We also notice that all the complex fields 4>f,i = 1,2, a = 1,2 
in the Curtright-Freedman basis have U{1) charge —1 in conformity with the charge assignment ob- 
tained in the model constructed by the tensor calculus for supergravitv. |17j This supergravity model 
shows that our model can be embedded into supergravity. Moreover it explicitly demonstrates that our 
model can be extended to a model in five dimensions. 

The equation of motion for the gauge field gives 



After eliminating the vector field V^, we obtain the kinetic term for the scalar fields in the hyper- 
multiplets 



= -dlfld^fu - oy^.d^h - -'yf -^ . (98) 

Integrating over scalar and the auxiliary fields Dv(ij) in the vector multiplet, we obtain constraints 

-/N^ + f/^V^(^^-) = 0. (99) 

This constraint makes the target space of the massive nonlinear sigma model into the Eguchi-Hanson 
manifold. ^ In the case of massless (without potential) model, the target metric for the four independent 
real bosonic fields has been shown to be just the Eguchi-Hanson metric. [321 1401 US] 

The equation of motion for scalar field M„ gives 

= (100) 
where the flavor indices are summed. Integrating over gives the potential term as 

VUl. f2)= I ' ^ {-\flh - fUu\^ + ifju + fU2i?} ■ (101) 



flfii + /I /a 



The parameters ^'-^-'^ have mass dimensions two and represent the scale of the curvature of the target 
manifold. 

The bosonic action becomes in the Curtright-Freedman basis as 



^ '\'y^^ + <P2a^2f + m^ + \<i>2?f]. (102) 



4(|</'l|2 + |02|2) 
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8 Nonlinear Sigma Model in Independent Fields : Spherical Coor- 
dinates and Gibbons-Hawking Parameterization 



Here we shall describe the model in terms of independent fields in several parameterizations by solving 
the constraints ()99|) . In the following we shall take 

^(12) ^ ^(11) ^ ^(22) ^ Q (^Q3) 

for simplicity. Then the constraints (|99j) become 

- |,/)2|2 = 2e, 0*02 = •/-a'/'i = 0. (104) 

It is convenient to introduce independent fields a = 1,2 through the following Ansatz [221 145j 

0? = <7(r)^, <P^ = fir)iaf^, (105) 

r = z^z^ + z'^f, (106) 

where z" are complex fields satisfying 

4>\4 - (t>l4>\ = -z^z^ - (107) 
The real functions /(r) and g{r) are uniquely determined by the constraints H99|l and H1U7|) as 



f{rf = -i+\/r^ + e. g{rf =i + ^/r^+e- (108) 

The action can be described without constraint by the independent complex fields z". These fields 
are invariant under the 0(2)(C/(1)) gauge transformations in ()80() which is used to take the quotient of 
the target manifold. 

Another useful parameterization of the model is given by the spherical coordinates which are invari- 
ant under the U{1) gauge transformations 

= ^cosf exp|(^' + $), (109) 
z2 = ^sinf expi(^' - $), (110) 
< r < oo, < e < vr, < $ < 27r, < ^' < 27r. (Ill) 

fl = = -^^^^ -J^'h' = -'^'^ -/^'^ sin(®)e^(-''-+^), (112) 

\/2 2 



1 _ ^l + 4>l _ gjr) + f{r) ^2 _ g{r) + /(r) ^^^,0^^. 
/2 - —7^- . ^ z - sm(-je2 



^/2 




\/2? 


01 + 0? 


_ g{r) 


+ f{r) 




i 


v/2r 




_ g{r) 


-fir) 


V2 


^ 


/2F 


4>\-4>l 


_ g{r) 


+ fir) 



(113) 



/2 ^ ^ ^I'j ^M'v ^i ^ gjr) - fir) ^^^(e^^.(^^^)^ ^^^^^ 

^1 ^ ^i^^iA:i^M:i^i^M±/(!:)cos(-)et(^+*). (115) 
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6 i 
5(r)cos(-)exp(-(^' + $)), 

6 i 
5(r)sm(-)exp(-(^'-$)), 

6 i 
/(r)sin(-)exp(--(^'-$)), 

i 
_/(r)cos(-)exp(--(^' + $)). 



(116) 
(117) 
(118) 
(119) 



The bosonic action becomes in the spherical coordinates as 

1 



C 



boson 



2ve + 



—d^rdjj- — [r~ 



(r^ + ^2 sin2 e) d^^d^^^ - r'^d^-^d^j^^ - 2r^ cos Qd^^d^^^ 
(r^ + C^ sin^ G) 



(120) 



It is also useful to change variables into the following parameterization appropriate to describe the 
Gibbons-Hawking multi-center metric |321 



r sin cos ^, 
r sin sin 



(121) 
(122) 
(123) 
(124) 



= ^r2 + ^2 cose, 
(p = $ + x]/. 

By using the parameterisation (|S^ - ()11U() and H121|) - (|124() . the bosonic part of the action can be 
rewritten as 

£ = {Ud^X ■ + U-^V^^V^'ip + fi^U-^} , (125) 
where V^ip = d^ip + A • and 

V X A = V[/. (126) 



The harmonic function U can be described 

2 



1 1 

+ 



(127) 



|X-^n| |X-hCn| 

where n is a unit three vector, which is given by n = (0,0, 1). A is a potential whose solution is given 
as 

1 r x2 x2 



A2 



+ 



2 i|X-en|(X3 -e+ |X-en|) |X + ^nK^S + ^ + |X - ^nl 
1 f -X^ -X^ 

+ 



2 i|X-en|(X3 -e+ |X-en|) |X + ^nK^s + ^ + |X + ^nl 
0. 



^3 = 0. (128) 
It is found that the target metric of the action H125() is just the Eguchi-Hanson metric. 1401 US] 
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9 BPS Equation and Domain Wall Solution 



In this Sec, we give the BPS domain wall solution in our model. In the following the complex mass 
parameter fj, is taken to be real for simplicity. By requiring that the fermions conserve half of SUSY we 
obtain the BPS equations in HSF 



(M, + V,)f^+(^l^ + di)fl = 0, (129) 



-f- V 
-I- V 



{M,-V2)fi+[^-d^)ft = 0, (130) 
-{M, + V2)fl+[^ + d^)fl = 0, (131) 



-{M.-V2)ft+[^-d^)fi = 0. (132) 

BPS wall solution should approach the supersymmetric discrete vacua as y — > ±00. From the trivial 
solution of BPS equation (translational invariant solution), we find that there are only two vacua : 
(r, 0) = (0,0), (0, vr) in terms of the spherical coordinates ()109|) . ()110() . Another way of understanding 
these vacua is to observe from Eq. (|12())l that these two points are the minima of the scalar potential 

|/i|2(r2+e2sin2 e) 



V{t, e, $, *) = \ - (133) 

with vanishing vacuum energy 

F(r = 0,G = 0) = y(r = 0,6 = ^) = 0. (134) 



Therefore we consider the domain wall solution connects these vacua, and we can expect that Q has 
nontrivial configuration. After some algebra, we obtain four independent differential equations in terms 
of the spherical coordinates ^ 

r' = ficosQ-r, r • = 0, (135) 
e' = -/isine, sine-«>' = 0. (136) 

The boundary condition of r = at y = —00 dictates the solution of H135|) to be r = and ^' = 0. The 
other two equations in (|136jl gives a nontrivial dependence in y resulting in the following BPS solutions 

= arccos[tanh^(y + yo)], ^ = ipo, (137) 

where ?/o ^ind (/?o are real constants: ?/o determines the position of the domain wall along y direction and 
ifo corresponds to the Nambu-Goldstone (NG) mode of U{1) isometry of target space. The BPS wall 
solution is illustrated in FigE) 

Our BPS wall solution is obtained from = 2 SUSY theory in four dimensions. However, subsequent 
study^Tj revealed that our model can be extended to an AA = 2 SUSY theory in five dimensions. In 
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Figure 2: BPS domain wall solution of field cos 6 as a function of y with yo = 0. 



fact we obtain precisely the same BPS solution as in (|137() by taking the limit of vanishing gravitational 
coupling in the BPS wall solution in five-dimensional supergravitv. |17j Therefore we can now use our 
BPS wall solution as a starting point for an interesting phenomenology for a unified model : our four- 
dimensional spacetime being a wall in higher dimensional spacetime following the brane-world scenario. 

In terms of harmonic superfields (|76j) and their bosonic components (|98)) . the BPS solution is given 

by 

^ 1^0 ( - tanh(^(y + yo))ut 

4 



-e2 



Y^l + tanh(/i(y-Fyo)) 



u. 



it = fi< 



<^o [ \ /l - tanh(^(7/ + yo)) uj 
V \/l + tanh(^(y + yo))'"2 




(138) 
(139) 



In terms of the fields in the Curtright-Freedman basis (|102j) . the BPS wall solution is given by 

cj)\ = V^(l+tanh//(y + yo))e5^», (140) 

(141) 
(142) 



Ve(l-tanh//(y + yo))e-^^°, 
=0. 



The BPS wall solution in the Gibbons-Hawking multi-center metric parameterization p25|l is given 



by 



X' 



X^ = 0, 

^tanh^(y-hyo), 



(143) 
(144) 
(145) 
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